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A Modified Wheeler Cap Method for Efficiency
Measurements of Probe-Fed Patch Antennas

With Multiple Resonances

Chihyun Cho, Ikmo Park, and Hosung Choo

Abstract—We propose a modified Wheeler cap method to accurately
measure the radiation efficiency of patch antennas with multiple reso-
nances by modeling their impedance as a high-order circuit model. The
radiation efficiency is obtained from the power consumption ratio between
the radiation and loss conductances using a circuit model we developed.
Our technique is validated by measuring the efficiencies of a circularly
polarized microstrip patch antenna and a triple-band microstrip patch
antenna. The measurement results are in close agreement with those pro-
duced by simulations, whereas the Wheeler cap method with a series-(or
parallel-) resonant circuit model is shown to be unreliable.

Index Terms—Antenna efficiency, circuit model, Wheeler cap.

I. INTRODUCTION

There are various methods for measuring radiation efficiency, such
as methods using a near-field, a reverberation chamber, a calorimetric
scheme, and a Wheeler cap [1]–[4]. Among these methods, the Wheeler
cap method is the most widely used technique for measuring small an-
tennas because of its simple procedure and reasonably good accuracy
[4]–[10]. It is based on the assumption that the antenna operates as
a simple parallel (or series) circuit, and the efficiency is measured by
comparing the input conductances (or resistances) of the antenna in free
space and inside the Wheeler cap. However, if a microstrip antenna has
multimode frequency characteristics (such as circularly polarized radi-
ation), multiple frequency resonances, or coupled resonances using a
sub-radiator, the Wheeler cap method with a series-(or parallel-) reso-
nant circuit model produces unreliable results because the operation of
such an antenna cannot be represented as a simple parallel (or series)
resonance circuit.
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Fig. 1. Proposed equivalent circuit model for probe-fed microstrip patch an-
tennas with multimode operation using the Wheeler cap method.

In this communication, we introduce a modified Wheeler cap method
using a high-order circuit model to obtain more accurate efficiency
measurements for probe-fed microstrip patch antennas. To validate our
technique, we measured the radiation efficiency of a microstrip antenna
with circularly polarized radiation and a miniaturized triple-band patch
antenna. The results are compared to measurements made using the
Wheeler cap method with a series-(or parallel-) resonant circuit model
and to those of a simulator.

II. METHODOLOGY

To obtain a more accurate estimate for the efficiency of a multi-
mode microstrip antenna, we use a high-order circuit model in the
Wheeler cap method. Specifically, a cascade form of parallel resonance
circuits is used to represent the frequency characteristics of the mi-
crostrip patches more precisely [11]–[13]. In this model, we separate
each conductance into a radiation conductance ����� and a loss con-
ductance �����, as illustrated in Fig. 1. The input impedance ��� of
the model is then given by
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Equation (1) can be separated into real and imaginary components, as
follows:
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where

��� � ��� �����

Unlike the single parallel (or series) circuit used in the conventional
Wheeler cap method, the total input power and the radiated power in
the model represented by (2) cannot be separated by simply comparing
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TABLE I
LUMPED ELEMENT VALUES OF THE EQUIVALENT CIRCUIT MODEL FOR THE CP MICROSTRIP PATCH ANTENNA

Fig. 2. Simulated �- - - - -� and measured �—–� reflection coefficient of the CP
microstrip patch antenna and a photo of the actual antenna.

the input conductances in free space and in the cap because the mea-
sured input impedance is influenced by multiple conductances. To ob-
tain an accurate estimate for the efficiency, we must therefore find the
appropriate lumped element values of the model, and then extract the
radiation efficiency by calculating the power consumption in each con-
ductance of the circuit.

We derived simultaneous equations from (2) to determine these
lumped values. At least �� � � simultaneous equations are re-
quired, since this is the number of unknown lumped values
����� � � � � ���� ��� � � � � ��� ��� � � � � ��� �� �. These equations
can be constructed by using ��� �� � �� frequency points
in the impedance measurements, as in (3) and (4). Equations
(5) and (6) can be constructed in a like manner, for the case
when the antenna is shielded by the Wheeler cap. We are as-
suming that the Wheeler cap shielding completely eliminates
the radiation conductance ���, so that the conductance ��� is
reduced to ���. The solutions for the lumped element values
����� � � � � ���� ���� � � � � ���� ��� � � � � ��� ��� � � � � ��� �� � can
be obtained from (3)–(6) in various ways, including iterative methods,
global optimization techniques, or trial and error
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Fig. 3. Calculated impedance of the equivalent circuit �- - - - -� and measured
impedance �—–� for the CP microstrip patch antenna (a) in free space and (b) in
the cap.
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The resulting circuit model should be able to represent the input
impedance of the antenna under test (AUT) in free space, as well as
in the cap. This means that the input impedance of the AUT in the
Wheeler cap should be modeled by using its free-space circuit model
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Fig. 4. Measured results for the CP microstrip patch antenna. (a) Efficiency
measured by the proposed method �—–� and the conventional Wheeler cap
method using R comparison �- - - - -� and G comparison ���������, and the
simulated results �� � � � � � ���. (b) Efficiency error between the proposed method
and the simulation �—–� and impedance error between the equivalent circuit
and the measured values �- - - - -�.

only, changing the conductance values �����while keeping the induc-
tors ���� and capacitors ���� the same. Thus, the radiation conduc-
tances ��� can be found by comparing ��� of the free-space circuit
and ��� of the shielded model for the cap. Finally, the radiation effi-
ciency can be calculated from the power consumption of the distributed
conductances via (7)
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However, the complexity and the time of solving each circuit element
drastically increase as the number of circuits � grows. Thus, in this
communication, to lessen the circuit-building procedure’s complexity
and optimization time, we restricted our method to patch antennas that
had fewer than four clean resonances.

III. MEASURED RESULTS

A. Efficiency of a CP Microstrip Patch Antenna

To verify the accuracy of the procedure, we measured the efficiency
of a commonly used circularly polarized microstrip patch. The antenna
has a substrate (FR-4, �� 
 ��
, tan � 
 ���
) thickness of 1.6 mm,

Fig. 5. Measured reflection coefficient of the miniaturized multi-resonance an-
tennas using GA [8] on the FR-4 �—–� and Duroid �- - - - -� substrates.

a patch size of 81 mm� 78 mm, and a probe feed located 20.25 mm
and 19.5 mm from the respective edges, as shown in the inset of Fig. 2.
In the same figure, the simulated result using an IE3D EM Simulator
(dashed line) is in close agreement with the actual measurement (solid
line) [14]. The antenna has two resonances in the vicinity, with circu-
larly polarized radiation occurring in the middle of the two resonances.
We used the circuit model shown in Fig. 1, with two parallel circuits
�� 
 
� to model the double resonance of the antenna and calculated
the lumped element values listed in Table I. Each lumped values was
found by fitting data from the measured input impedance. To lessen the
complexity in the circuit building procedures, we set �� and �� to res-
onate at 884 MHz and 920 MHz, respectively. The two capacitances
are calculated using (8), and they produce two peaks in the shape of
the resistance response of the circuit model

�� 

�

�
	
�����
� (8)

Fig. 3(a) shows the measured input impedance (solid line) and the
calculated impedance (dashed line) using the free-space circuit model.
For the Wheeler cap, we used a rectangular cavity (160 mm� 160
mm� 50 mm) made of copper. The resulting input impedances with
the cap are also shown in Fig. 3(b). The calculated input resistance and
the reactance predicted by the circuit model are both close to the actual
measurements. As expected, the conductance values inside the cap are
less than those in free space, and the decreased conductance is due to
the elimination of radiation conductance by the shielding of the cap.
When the Wheeler cap is placed onto the antenna, the two input resis-
tance peaks are shifted from 884–895 MHz and from 920–930 MHz,
and thus the capacitance values also change slightly by 3.4 pF and 3.8
pF, respectively, on account of the additional capacitance between the
cap and the antenna. If we neglect the slight changes in the capacitance,
each conductance in the circuit can be separated into ��� and ���.
The antenna efficiency can then be easily calculated from (7).

In Fig. 4(a), the radiation efficiency using the circuit model is repre-
sented by a solid line, and the simulated efficiency from the IE3D EM
simulator is shown by a dotted line. The measured efficiencies from the
Wheeler cap method with a series-(or parallel-) resonant circuit model
are also represented in the figure using dotted lines for the values ob-
tained from comparing resistances, and dash-dotted lines for the values
obtained from comparing conductances [7], [9]. The modified proce-
dure using the high-order circuit yields results that are close to the
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Fig. 6. Calculated impedance of the equivalent circuit �- - - - -� and measured
impedance �—–� for the miniaturized multi-resonance antenna (a) in free space
and (b) the cap, and (c) the equivalent circuit model.

simulated values, whereas the Wheeler cap method with a series-(or
parallel-) resonant circuit model produces unreliable results near the
resonant frequencies. The solid line in Fig. 4(b) shows the percentage
error between the measured efficiency from the proposed technique and
the simulated efficiency. The error is less than 5% in the operating fre-

Fig. 7. Efficiency results for the miniaturized multi-resonance antenna mea-
sured by the proposed method when the patch is printed on the FR-4 substrate
�—–� and Duroid substrate � �, measured by the conventional Wheeler cap
method using R comparison �- - - - -� and G comparison ���������, and the
simulated result on the FR-4 substrate �� � � � � � ��� and Duroid ��� substrate.

quency range of 880 to 920 MHz. The dashed line represents the per-
centage error between the impedance of our circuit model and the mea-
sured values, and this error is less than 10% at operating frequency. The
efficiency measurements become more accurate when the impedance
of the circuit model is close to the measured impedance. This result
indicates that we can obtain more accurate radiation-efficiency mea-
surements using a modified Wheeler cap method with a more precise
circuit model.

B. Efficiency of a Miniaturized Patch Antenna With Multi-Resonances

Next we apply our procedure to measure the efficiency of a minia-
turized triple-band patch antenna [15]. The patch is printed on the same
FR-4 substrate as the CP patch antenna discussed in the previous sec-
tion. Fig. 5 shows the measured reflection coefficient, with resonant
peaks at 1.6, 1.8, and 2.4 GHz. In this case, we use three parallel circuits
�� � �� to model the three resonances. As with the CP patch antenna,
we use (8) to reduce the number of unknown lumped element values.
The impedances of the circuit model are fairly well matched with ac-
tual measurements in the entire frequency band from 1.4–2.6 GHz, as
shown in Fig. 6(a). When the Wheeler cap is placed on the antenna, the
impedance response of the circuit model remains in close agreement
with the measurements, as shown in Fig. 6(b). Using the lumped ele-
ment values from Fig. 6(a) and (b), we construct the full circuit model
of the triple-band patch antenna, as illustrated in Fig. 6(c). Since the
antenna is printed on a very lossy dielectric substrate, the loss conduc-
tances are much larger than the radiation conductances in this circuit.

The efficiency is calculated from (7), and the results are represented
by the solid line in Fig. 7. They are in close agreement with the simu-
lated results (dotted line), whereas the efficiency measurements using
the Wheeler cap method with a series-(or parallel-) resonant circuit
model is oscillatory and unreliable. Although low-cost fabrication of
patch antennas can be readily accomplished with the FR-4 substrate,
the resulting efficiency is usually very low (less than 30%). Hence, the
engineer might find it preferable to use a low-loss substrate material
despite its higher cost.

Accordingly, we also validated our technique for a patch an-
tenna printed on a very low-loss dielectric substrate. We printed
the same triple-band patch antenna on a Duroid 5880 substrate
��� � ���� ��� � � 	�			
� and again measured the radiation effi-
ciency. To obtain a fair comparison, we magnified the size of the patch
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by a factor of 1.35 to preserve the resonant frequencies of 1.6, 1.8, and
2.4 GHz (see Fig. 5). The measured efficiency (“ ”) is once again in
close agreement with the simulation (“�”) and increases by a factor of
roughly four compared to the antenna printed on the FR-4 substrate.
These results indicate that the proposed procedure provides a better
estimate of the radiation efficiency for a probe-fed patch antenna with
multiple resonances. We also applied the proposed method to other
types of antennas such as RFID tags, planar dipoles, and electrically
small antennas with multi-resonances. They also had good results
when a built circuit model clearly represented the antennas’ operation.

IV. CONCLUSION

To obtain more accurate radiation-efficiency measurements, we in-
troduced a high-order circuit model into the Wheeler cap method. The
radiation efficiency is calculated from the power consumption ratios
of the radiation and loss conductances. To validate our technique, we
measured the radiation efficiency of a microstrip antenna with circu-
larly polarized radiation and a miniaturized triple-band patch antenna.
The measured results became more accurate when the impedance of the
circuit model was close to the measured impedance, whereas Wheeler
cap method with a series-(or parallel-) resonant circuit model produced
unreliable results. These findings demonstrate that we can obtain more
accurate radiation-efficiency measurements by using the Wheeler cap
method with a more precise circuit model.
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On the Accuracy of Three Different Six Stages
SS-FDTD Methods for Modeling Narrow-Band

Electromagnetic Applications

Omar Ramadan

Abstract—Recently, three different six stages split-step finite difference
time domain (SS-FDTD) methods introduced for removing the FDTD
Courant-Friedrichs-Levy (CFL) stability limit. Accuracy performance of
these methods for modeling narrow-band electromagnetic applications is
studied. Numerical example carried out in two-dimensional domain shows
that when the CFL stability limit is exceeded, the accuracy of the classical
FDTD scheme is maintained only with the splitting scheme that solves the
field equations at each FDTD sub-stage alternatively between the and

directions.

Index Terms—Complex envelope finite difference time domain, split-step
approach.

I. INTRODUCTION

Recently, three different unconditionally stable split-step six stages
finite difference time domain (SS6-FDTD) methods have been intro-
duced for solving two-dimensional (2D) broad-band electromagnetic
applications [1]. These methods are based on splitting each FDTD time
step ���� into six sub-stages with an equal time increment of ����

and then solving the field equations at each sub-stage along one direc-
tion only. In the first method, referred as SS6-1-FDTD, the Maxwell’s
matrix equations are split into sub-matrices in which the field equa-
tions are solved alternatively between � and � directions. The second
(SS6-2-FDTD) and the third (SS6-3-FDTD) splitting methods are de-
duced by adjusting the sequence of the sub-matrices to be solved at
each sub-stage. It has been reported in [1] that these methods not only
remove the FDTD Courant-Friedrichs-Levy (CFL) stability limit but
also can provide better accuracy with less computational requirements
as compared with other FDTD splitting techniques.

In this communication, the accuracy performance of the SS6-FDTD
methods for modeling narrow-band electromagnetic applications
is studied. In the presented study, the complex envelope FDTD
(CE-FDTD) [2] scheme is incorporated with the SS6-FDTD formula-
tions of [1]. Numerical example carried out in 2D domain shows that
when the SS6-FDTD methods are used for modeling band-limited
electromagnetic applications, only the CE-SS6-1-FDTD scheme,
which alternatively solves the field equations between � and � direc-
tions, maintains the accuracy of the conventional CE-FDTD scheme
with a considerable decrease in the CPU time while the accuracy of
the other splitting methods decreases rapidly as the time step exceeds
the CFL stability limit.
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